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A light-front treatment for the scalar and vector meson
momentum distribution functions is developed using a model
in which the nucleus is treated a static source of radius R.
The limit R → ∞ corresponds to infinite nuclear matter. In
this limit, the scalar mesons are shown to carry a vanishing
momentum fraction of the nuclear plus momentum k+, but
the vector mesons carry a significant fraction, all occuring at
the experimentally inaccessible value of k+ = 0. This confirms
earlier work. A study of the R dependence for sizes of real
nuclei shows that a fraction of the scalar and vector mesons
could be observable.
I. INTRODUCTION
It has been known that there is a significant difference
between the parton distributions of free nucleons and nu-
cleons in a nucleus, since the famous EMC experiment
[1]. The EMC-effect can be explained if the momentum
distribution of valence quarks is slightly shifted towards
smaller values of x for nucleons in a nucleus. One way
to achieve this result is by having mesons carry a larger
fraction of the momentum in the nucleus [2]. While such
a model explains the shift in the valence distribution, one
obtains at the same time a meson (i.e. anti-quark) distri-
bution in the nucleus, which is strongly enhanced com-
pared to free nucleons and which should be observable
in Drell-Yan experiments [3]. However, no such enhance-
ment has been observed experimentally [4]. The signifi-
cance of this absence has been emphasized in Ref. [5].
The so-called EMC effect is a subtle one. For example,
its size is typically about 10% which is of the same order
as relativistic effects. Motivated by the need to include
a relativistic treatment of the motion of the nucleons,
which is also consistent with the information derived us-
ing conventional nuclear dynamics, one of us attempted
to construct a light front treatment of nuclear physics
[6]. The light front is relevant because structure func-
tions depend on the Bjorken variable which is a ratio of
the plus-momentum k0 + k3 of a quark to that of the
target. The calculations of Ref. [6], using a Lagrangian
in which Dirac nucleons are coupled to massive scalar
and vector mesons [7], treated the example of infinite
nuclear matter within the mean field approximation. In
this case, the meson fields are constants in both space
and time. This means that the momentum distribution
has support only at k+ = 0. Such a distribution would
not be accessible experimentally, so that the suppression
of the plus-momentum of valence quarks would not imply
the existence of a corresponding testable enhancement of
anti-quarks. However, it is necessary to ask if the result
is only a artifact of the infinite nuclear size and of the
mean field approximation.
In this note, we investigate the dependence on nuclear
size by explicitly constructing the scalar and vector me-
son states for a model in which the nucleus is represented
as a static source of radius R and mass MA. Since MA
is very large for large A, the nucleus acts as an extended
static source. It should be emphasized that we do not
assume that individual nucleons are infinitely heavy to
obtain this result. In the mean field approximation, the
nucleus acts as a static source if it is infinitely heavy.
Then a coherent state is the ground state of the Hamil-
tonian. The organization of the paper is as follows. The
model for the treatment of scalar mesons is defined us-
ing the rest-frame (equal time formulation) in Sect. II.
The light front LF treatment of that system is made in
Sect. III, in which the plus-momentum distribution func-
tion is computed. We study vector mesons in the LF
treatment in Sect. IV, and the distribution functions are
obtained. The separate treatment of scalar and vector
meson effects is made to simplify the discussion. Sect. V
contains a summary of the results and their possible im-
plications. The derivation of a term in the light front
Hamiltonian that includes the recoil momentum of the
1
heavy source is made in an Appendix.
II. SCALAR MESON DISTRIBUTION IN THE
REST-FRAME FORMULATION
Before we proceed to the LF formulation, let us first
analyse the scalar meson distribution in the mean field
approximation in a rest frame. This simple calculation is
of help in understanding the LF calculation.
Our model here is that of scalar mesons, coupled to a
large static nucleus represented by a scalar source J(~r).
Such a system is described by the Lagrangian density
L = 1
2
∂µφ∂
µφ− m
2
S
2
φ2 + Jφ. (2.1)
Canonical quantization proceeds by using
φ(~r) =
∫
d3k
(2π)3/2
√
2ω~k
[
a~ke
i~k·~r + a†~k
e−i
~k·~r
]
, (2.2)
where ω~k =
√
m2S +
~k2. Then the Hamiltonian reads
H =
∑
~k
[
ω~ka
†
~k
a~k −
1√
2ω~k
(
J˜∗(~k)a†~k + J˜(
~k)a~k
)]
(2.3)
where
J˜(~k) = J˜∗(−~k) = (2π)−3/2
∫
d3re−i
~k·~rJ(~r). (2.4)
As a specific model, let us consider a spherical nucleus of
radius R with constant density, i.e.
J(~r) = J0Θ(R− |~r|). (2.5)
The quantity J0 can be thought of as arising from the
product of a scalar meson coupling constant gS and an
appropriate scalar density ρS so that
J0 = gSρS . (2.6)
The ground state of H (2.3) can be obtained by means
of a coherent state ansatz, with the result
|ψ0〉 ∝
∏
~k
exp
 J˜∗(~k)a†~k√
2ω3~k
 |0〉. (2.7)
This state is an eigenfunction ofH with eigenvalue (bind-
ing energy)
E0 = −1
2
∫
d3k
| J˜(~k) |2
ω2~k
. (2.8)
This can be re-expressed in terms of an integral over co-
ordinate space:
E0 = − 1
8π
∫
d3rd3r′J(~r)
e−mS|~r−~r
′|
|~r − ~r ′| J(~r
′). (2.9)
A brief examination of Eq. (2.9) shows that for val-
ues of mSR ≫ 1, E0 is approximately proportional to
J20
4π
3
R3 times the volume integral of the Yukawa func-
tion, which means that, as expected, the binding energy
is proportional to the number of nucleons. This result
would also be obtained if the theta function of Eq. (2.5)
were replaced by a smoother function that incorporated
a nuclear surface thickness. One sees also the usual result
that the nucleus would not be stable (the energy per nu-
cleon would have no minimum as a function of R) using
scalar mesons alone.
One may proceed to evaluate E0 by using straightfor-
ward contour integration techniques with the result
E0 = −1
2
(gSρS)
2
[
4π
3
R3
m2S
− 2π R
2
m3S
(
1− 1
m2SR
2
)]
−1
2
(gSρS)
2
[
−2π R
2
m3S
e−2mSR
(
1 +
1
mSR
)2]
R→∞−→ −1
2
(gSρS)
2 4π
3
R3
m2S
. (2.10)
The momentum distribution of scalar mesons is ob-
tained by taking the necessary expectation value:
ρ(~k) ≡ 〈ψ0|a†~ka~k|ψ0〉 =
|J˜(~k)|2
2ω3~k
. (2.11)
Evaluation of Eq. (2.5) using Eq.(2.4) gives
J˜(~k) =
√
2
π
J0
sin(kR)− kR cos(kR)
k3
=
√
2
π
J0R
3 j1(kR)
kR
(2.12)
where k ≡ |~k|, and j1(x) is the spherical Bessel function
of order one: j1(x) = sin (x)/x
2 − cos (x)/x. Thus one
finds
ρ(~k) =
J20
π
R6
(
j1(kR)
kR
)2
1
ω3~k
, (2.13)
which is sharply peaked near k = 0 for large nuclei, as
j1(x) has its first zero at x = kR = 4.5. One may com-
pute the expectation value of the pion field in the state
| ψ0〉 to find
〈ψ0 | φ(~r) | ψ0〉 (2.14)
=
gSρS
2m2S
[
2− (1 +mSR)
mSr
e−mSR
(
emSr − e−mSr)] ,
for r < R. This function is a constant, gSρS
2m2
S
in the limit of
infinite nuclear radius in which the conditions mSR≫ 1
and r ≪ R hold.
2
III. MESON DISTRIBUTION IN THE LF
FORMULATION-SCALAR MESONS
The essential observation for the LF formulation of
systems coupled to static sources is that static sources
in a rest-frame correspond to uniformly (constant v+ =
(v0 + v3)/
√
2) moving sources in a LF framework [8].
The light front approach implies the following: The
canonical commutation relations[
φ(x+, x−, ~x⊥), ∂−φ(x
+, y−, ~y⊥)
]
=
i
2
δ(x−− y−)δ(~x⊥ − ~y⊥),
(3.1)
where x± = (x0 ± x3)/√2, are satisfied by choosing
φ(x−, ~x⊥) =
∫ ∞
0
dk+√
4πk+
∫
d2k⊥
2π
[
a†
k+~k⊥
eik·x + ak+~k⊥e
−ik·x
]
(3.2)
where k · x = k+x− − ~k⊥ · ~x⊥ as we are taking x+ =
0. The operators ak+~k⊥ and a
†
k+~k⊥
obey standard boson
commutation relations consistent with Eq.(3.1).
A static charge distribution in a rest-frame
JRF (~x⊥, x
3) corresponds to a uniformly moving charge
distribution on the LF, where at x+ = 0
JLF (~x⊥, x
−) = JRF (~x⊥, x
−v+) = J(~x⊥, x
3). (3.3)
If the source is at rest in the rest-frame, then v+ =
1/
√
2 in Eq. (3.3). This relation between static ex-
ternal sources in a rest-frame and moving sources on
the LF is exact. In order to see how it arises, con-
sider a time (x0) independent scalar field in LF variables
[x± = (x0 ± x3)/√2]
JLF (~x⊥, x
−, x+) = JRF (~x⊥, x
3 =
x+ − x−√
2
, x0 =
x+ + x−√
2
)
(3.4)
If the field is x0-independent, then one finds for x+ = 0:
JLF (~x⊥, x
−) = JRF (~x⊥,−x−/
√
2), which is Eq. (3.3) for
this parity-even spatial distribution and for the special
case v+ = 1/
√
2.
Using the fixed charge formalism from Refs. [8,9] one
thus finds for the LF Hamiltonian of scalar fields coupled
to this external source
P− =
∑
k+,~k⊥
[(
m2S +
~k2⊥
2k+
+
k+
2v+2
)
a†
k+~k⊥
ak+~k⊥
+
1
v+
√
2k+
(
J˜RF (~k⊥, k
+/v+)a†
k+~k⊥
+ h.c.
)]
. (3.5)
The term proportional to k
+
2v+2
arises from the plus mo-
mentum of the heavy source and its inclusion is necessary
to maintain the rotational invariance of the light-front
approach; its derivation is presented in the Appendix.
The rest-frame binding energy can be obtained using
[8]
ERF ≡ P−v+. (3.6)
Like the rest frame Hamiltonian H [Eq. (2.3)], the LF
Hamiltonian P− [Eq. (3.5)] is Gaussian in the scalar
fields and the ground state is a coherent state
|ψ0〉LF ∝
 ∏
k+,~k⊥
exp
 J˜∗RF (~k⊥, k+/v+)a
†
k+~k⊥
v+
√
2k+
(
m2+~k2
⊥
2k+ +
k+
2v+2
)

 |0〉
(3.7)
with energy eigenvalue
P−0 = −
1
v+2
∫ ∞
0
dk+
2k+
∫
d2k⊥
|J˜RF (~k⊥, k+/v+)|2
m2
S
+~k2
⊥
2k+ +
k+
2v+2
. (3.8)
Note that the rest frame energy calculated from the LF
result Eq. (3.8), i.e. ERF = v
+P−0 , and the binding en-
ergy calculated directly in normal coordinates [Eq. (2.8)]
can be shown to be identical, as is necessary. To see
this identity, make the change of integration variables:
k+
v+ → k3.
The LF-momentum distribution for the scalar mesons
ρS(~k⊥, k
+) = 〈ψ0 | a†
k+~k⊥
ak+~k⊥ | ψ0〉 (3.9)
can be calculated using Eq. (3.7), with the result
ρS(~k⊥, k
+) =
2k+
∣∣∣J˜RF (~k⊥, k+/v+)∣∣∣2
v+2
[
m2S +
~k2⊥ +
(
k+
v+
)2]2 . (3.10)
Since J˜RF (~k⊥, k
+/v+) is strongly peaked for k ∼ 1/R,
the momentum distribution is also trivially peaked near
small momenta (for R ≫ 1/mS). Physically, this is ob-
vious since the mean field approximation gives rise to
meson fields which are nearly constant throughout the
nucleus. In Fourier space, a nearly constant meson field
corresponds to a momentum distribution which is peaked
near zero [6].
Note that the form of ρS(~k⊥, k
+) of Eq. (3.10) is dif-
ferent than the rest-frame momentum distribution ρ(~k)
of Eq. (2.13). The light frame momentum distribution
function and the plus-momentum distribution obtained
by integrating this quantity over all values of ~k⊥ can only
be obtained using the light front formulation.
A quantity of great interest is the total LF momen-
tum carried by the meson field. A naive estimate of this
quantity would yield momenta that are of the order of
the (rest-frame) binding energy times the velocity, i.e.
3
〈k+〉naive ≈ v+|ERF |. (3.11)
We will now show that this naive estimate is wrong in
the mean field approximation.
Using Eq. (3.10), one finds
〈k+〉 ≡
∫
d2k⊥
∫ ∞
0
dk+ρ(~k⊥, k
+)k+
=
∫
d2k⊥
∫ ∞
0
dk+
2k+
2
∣∣∣J˜RF (~k⊥, k+/v+)∣∣∣2
v+2
[
m2S +
~k2⊥ +
(
k+
v+
)2]2
= v+
∫
d3k
k2z
∣∣∣J˜RF (~k⊥, kz)∣∣∣2[
m2S +
~k2
]2
=
v+
3
∫
d3k
~k2
∣∣∣J˜RF (~k)∣∣∣2[
m2S +
~k2
]2 , (3.12)
where we used rotational invariance of the source in
the rest-frame. It is interesting to express the quantity
〈k+〉 in terms of a coordinate space integral analogous to
Eq. (2.9) for the energy. We find:
〈k+〉 =
∫
d3rd3r′J(~r)
[(
1− mS
2
|~r − ~r ′|
) e−mS |~r−~r ′|
12π|~r − ~r ′|
]
J(~r ′).
(3.13)
The quantity in brackets has a volume integral of 0 (with
the integration variable as |~r−~r ′|). Thus the integral re-
ceives non-vanishing contributions only from regions near
the nuclear surface, as is expected from the notion that
the scalar meson field would be constant for a nucleus of
infinite size and so receives nonzero Fourier components
only from the regions near the surface of the nucleus.
This means that 〈k+〉 ∝ R2 which gives a far smaller
magnitude than the R3 behavior of the binding energy.
In particular, 〈k
+〉
v+E0
∼ 1R . This is in accord with Ref. [6]
which shows that 〈k+〉 vanishes for the case of infinite
nuclear matter.
We now make a more specific comparison of 〈k+〉 of
Eq. (3.12) with v+ | ERF | of Eqs. (2.8) and (3.8) using
the specific model for the source J(~r), Eq. (2.5). A direct
evaluation of the integral yields
〈k+〉 = v
+
3
(gSρS)
2
π
R4
mS
[
1
m2SR
2
− 3
m4SR
4
+
e−2mSR
mSR
(
1 +
1
mSR
)(
1 +
3
2mSR
+
3
2m2SR
2
)]
R→∞−→ v
+
3
(gSρS)
2 π
R2
m3S
, (3.14)
so that
〈k+〉
v+ | E0 | =
1
2mSR
≈ 1
20
(3.15)
in the limit of infinite R, and where the last estimate
arises from taking mS = 550 MeV. Thus the naive esti-
mate fails. For large values of mR we see that the energy
grows like the volume of the system, while the plus mo-
mentum grows as the area.
The slow 1
2mSR
approach to zero makes it interesting to
study the plus-momentum distribution of scalar mesons,
which is the integral of ρS(k⊥, k
+) over all ~k⊥ divided by
the nucleon number 4πR
3
3
ρB with ρB the baryon density.
Before considering this quantity it is worthwhile to fol-
low the usual procedure of defining a dimensionless mo-
mentum distribution function. This is done by using the
x variable
x =
k+
MNv+
, (3.16)
which has the physical interpretation of the LF-
momentum distribution of mesons per nucleon, and tak-
ing the nucleons plus-momentum to beMNv
+, which oc-
curs for a free nucleon at rest. More precisely, one should
use MN − 15.75 MeV instead of MN to define the vari-
able x The latter number is the average binding energy;
practically speaking this small shift does not matter and
is ignored here.
The variable x is the quantity of relevance for deep
inelastic scattering from nuclear targets. We then have
after including the Jacobian of the transformation be-
tween the variables k+ and x:
fS(x) =
3
4πR3ρB
MNv
+
∫
d2k⊥ρS(k⊥, k
+), (3.17)
which can be evaluated as (Fig. 1)
fS(x) =M
2
N
(gSρS)
2
ρB
R5
6
π
x
∫ ∞
xMNR
dy
(y2 +m2SR
2)
2
j21 (y)
y
.
(3.18)
FIG. 1. The quantity fS(x) vs. x for nuclei of radii 3,4,5,6
fm (the numbers on the curves refer to the nuclear radius ).
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It is interesting to compare the result (3.18) with pre-
vious meson distributions obtained using the equal time
formulation of the nuclear wave function. These distribu-
tions exist only for pions [10,11], but the procedure out-
lined in Eqs.(22)-(24) of Ref. [11] can be applied to scalar
mesons. Using the interaction of Eq. (2.5) and the wave
function of Eq. (2.7) in those earlier formulae does in-
deed lead to the distribution function of Eq. (3.18). This
is a consequence of the feature that the interaction of
Eq. (2.5) does not excite the nucleus. Thus, in this mean
field example, the equal time ground state wave function
is sufficient to compute the distribution function. How-
ever, the meson distribution functions are light-like cor-
relation functions which are equal x− “time” correlation
functions, see e.g. the reviews [9,2]. Thus it is a specific
and general feature of the light front wave approach that
knowing only the ground state wave function is sufficient
for computing the distribution functions.
Armed with the distribution function fS(x) we may
compute the momentum fraction carried by the nuclear
scalar mesons in our mean field approximation
〈xS〉 ≡
∫ ∞
0
xfS(x)dx (3.19)
is not given by the ratio of the binding energy per nucleon
to the nucleon mass MN , but by
〈xS〉 = (gSρS)
2
ρBm3S
3
4RMN
, (3.20)
in the limit of mSR ≫ 1. This quantity vanishes for
nuclear matter.
It is worthwhile to study how the limit of nuclear mat-
ter is approached. The numerical results to be presented
are obtained using the parameters [12]
g2SM
2
N
m2S
= 267.1, ρS = .179fm
−3. (3.21)
The quantity fS(x) is displayed in Fig.(1). One sees that
fS(x) is fairly small for all x and for all reasonable ranges
of R. The relevant size here is 2.5 which is the value
of the nucleon distribution function at its peak [6] and
which also is typical of peak values of the vector meson
distribution discussed below. Note that the integral of
fS(x) does not vanish. The quantity xfS(x) peaks at
smaller and smaller values of x for larger and larger values
of R.
A final point concerns the expectation value of the
scalar field. Defining the expectation value of the scalar
field of the expansion Eq. (3.2) in the state | ψ0〉LF as
φ¯LF (x⊥, x
−), and computing the matrix element yields
the result
φ¯LF (x⊥, x
−) = 〈ψ0 | φ(r⊥ = x⊥, r3 = −x−v+) | ψ0〉,
(3.22)
in which the latter matrix element is given in Eq. (2.14).
Such a relation should be useful in constructing a more
elaborate theory.
IV. MESON DISTRIBUTION IN THE LF
FORMULATION – VECTOR MESONS
The calculation of vector meson distributions is based
on the formalism in Ref. [6], which used earlier work [13].
In the present work, we take the vector mesons V µ to be
coupled to a large nuclear source of baryon current Jµ.
Thus the relevant Lagrangian density LV is given by
LV = −1
4
V µνVµν +
m2V
2
V µVµ − JµV¯µ (4.1)
where the bare mass of the vector mesons given by mV ,
and V µν = ∂µV ν − ∂νV µ and [6]
V¯ µ = V µ − ∂µ 1
∂+
V + (4.2)
so that V¯ + = 0.
The essential points which simplify our analysis in the
mean field approximation are
• The vector current is proportional to the 4-velocity
of the source, so that one finds
J˜µLF (
~k⊥, k
+) = vµJ˜VRF (
~k⊥, k
+/v+), (4.3)
where
JVRF = gV ρBΘ(R− r), (4.4)
which has the same coordinate dependence as the
model for J˜RF used for scalar mesons and gV is the
vector meson coupling constant.
• We work in a frame where ~v⊥ = 0, and thus ~J⊥ = 0.
• As explained in Ref. [6], we work with degrees of
freedom such that the + component of the vector
meson field vanishes.
This allows one to obtain the relevant Hamiltonian,
which can then be solved by means of a coherent state
ansatz analogously to the case of scalar mesons.
The main difference between vector mesons and scalar
mesons is the appearance of the polarization vector ε¯µ in
the coupling of vector mesons to the nucleon current [6]
V¯ µ =
∫ ∞
0
dk+√
4πk+
∫
d2k⊥
2π
∑
ω=1,3
ε¯µ(~k, ω)×[
a†
k+~k⊥,ω
eik·x + ak+~k⊥,ωe
−ik·x
]
(4.5)
where ak+~k⊥,ω satisfies standard boson commutation re-
lations and ω labels the polarization states. Since the
transverse components of the nucleon current vanishes in
our model, and since ε¯+ = 0, the only relevant compo-
nent of ε¯µ is µ = −.
The coherent state takes the form
5
|ψV0 〉 ∝
 ∏
k+,~k⊥
exp
 J˜
µ
RF (
~k⊥, k
+/v+)∗ε¯µa
†
k+~k⊥
, ω
v+
√
2k+
(
m2
V
+~k2
⊥
2k+ +
k+
2v+2
)

 |0〉.
(4.6)
One may use this state to take matrix elements of the
plus-momentum operator and the light front Hamilto-
nian. These expressions are similar to those for the scalar
mesons except that a factor of (v+ε¯−)2 summed over all
polarization states is present. The polarization sum is
given by [6]∑
ω=1,3
ε¯−(~k, ω)ε¯−(~k, ω) =
m2V +
~k2⊥
k+2
. (4.7)
The light front Hamiltonian consists of three terms:
the kinetic energy (Eq. (2.24) of Ref. [6]); the linear
coupling and, the effects of the instantaneous vector me-
son exchange. Thus the light-front energy of the nu-
cleus due to coupling to the vector meson field consists
of two pieces. First there is a contribution which arises
from physical vector meson intermediate states, obtained
from the expectation value of the kinetic energy and lin-
ear terms. This piece differs from the meson momentum
distribution by one power of the energy denominator.
In addition to this piece, the unphysical components of
the vector meson field contributes an instantaneous self-
interaction of the nucleon field, which exactly cancels the
most infrared singular terms of the term due to dynami-
cal mesons. This instantaneous term is very much anal-
ogous to the Coulomb interaction for an electromagnetic
field. This term is obtained by canonical light front quan-
tization and e.g. is included in Eq. (2.48) of Ref. [6].
One takes the matrix element of the light front Hamil-
tonian to obtain the ground state energy of the vector
meson field coupled to the fixed source:
P−0 = P
−
inst −
1
v+2
∫ ∞
0
dk+
2k+
∫
d2k⊥
m2
V
+~k2
⊥
k+2
∣∣∣J˜+LF (~k⊥, k+))∣∣∣2
m2
V
+~k2
⊥
2k+ +
1
2
k+
v+2
= P−inst −
∫ ∞
0
dk+
2k+
∫
d2k⊥
m2
V
+~k2
⊥
k+2
∣∣∣J˜VRF (~k⊥, k+/v+))∣∣∣2
m2
V
+~k2
⊥
2k+ +
1
2
k+
v+2
,
(4.8)
where we used Eq. (4.3) and where the instantaneous
self-interaction is given by
P−inst =
∫ ∞
0
dk+
k+2
∫
d2k⊥
∣∣∣J˜+LF (~k⊥, k+))∣∣∣2 . (4.9)
Note that the instantaneous piece [Eq. (4.9) can be com-
bined with the rest in Eq. (4.8) yielding
P−0 =
1
v+2
∫ ∞
0
dk+
2k+
∫
d2k⊥
∣∣∣J˜VRF (~k⊥, k+/v+)∣∣∣2
m2
V
+k2
⊥
2k+ +
1
2
k+
v+2
, (4.10)
which is related to the vector meson contribution to the
binding energy P−0 v
+ = EVRF . The quantity E
V
RF , is up
to a sign (reflecting the fact that scalar meson give rise
to attraction, while vector mesons give rise to repulsion
between nucleons) of the same form as the scalar result
Eq. (3.8).
The result of taking matrix elements of the plus-
momentum operator in the coherent state leads to the
result:
ρV (~k⊥, k
+) =
1
2k+
m2
V
+~k2
⊥
k+2
∣∣∣J˜VRF (~k⊥, k+/v+)∣∣∣2[
m2
V
+~k2
⊥
2k+ +
1
2
(
k+
v+2
)2]2
=
∣∣∣J˜VRF ∣∣∣2
 2k+ 1m2V + ~k2⊥ + (k+v+)2
−2k
+
v+2
1[
m2V +
~k2⊥ +
(
k+
v+
)2]2
 . (4.11)
The second term on the r.h.s. of Eq. (4.11) is (up to
a sign and a differing mass) identical to the momentum
distribution of scalar mesons. The contribution of this
second term to the momentum (per nucleon) carried by
the vector mesons vanishes in the nuclear matter limit
and explicit numerical evaluation shows that for finite
nuclei it is negligible compared with the the first term.
This singular term
ρsingV (
~k⊥, k
+) ≡
2
∣∣∣J˜VRF ∣∣∣2
k+
1
m2V +
~k2⊥ +
(
k+
v+
)2 (4.12)
is more interesting since it diverges as k+ → 0. By direct
comparison one can verify that the contribution from this
term to the total momentum carried by the vector mesons
is (up to a factor v+) identical to the contribution of the
vector mesons to the rest-frame energy of the nucleus
∫ ∞
0
dk+
∫
d2k⊥ρ
sing
V k
+ =
∫ ∞
0
dk+
∫
d2k⊥
2
∣∣∣J˜RF ∣∣∣2
m2V +
~k2⊥ +
(
k+
v+
)2
= v+
2
P−0 = v
+EVRF . (4.13)
Together with the result from the previous section that
the non-singular piece does not contribute to the momen-
tum per nucleon in the nucleus for infinite nuclear matter
one thus finds that in the infinite nuclear matter limit the
momentum carried by the vector mesons is given by
〈k+V 〉 = v+ERF , (4.14)
i.e. the momentum fraction carried by the vector mesons
is given by the ratio between the meson interaction en-
ergy and the mass of the nucleus
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〈xV 〉 = 〈V 〉
MA
. (4.15)
Note that the potential energy 〈V 〉 on the right hand
side of Eq. (4.15) is only the part due to vector mesons.
This result (momentum carried by vector mesons equals
potential energy due to vector mesons) holds regardless
whether or not there is also a scalar interaction present.
Since both scalar and vector interaction are rather large
in nuclei (of opposite sign, such that their net effect is
small), this means that vector mesons may carry a sub-
stantial fraction of the nucleus’ momentum. In the pre-
vious section, we have shown that scalar mesons carry
only a small fraction so the net momentum carried by
the mesons is essentially the momentum carried by the
vector mesons, which can be very large.
A. Vector Meson Plus-Momentum Distribution
The result that vector mesons carry a large part of the
nuclear plus-momentum, which had also been predicted
in Ref. [6] using more general arguments, is at first sur-
prising since the vector meson field (very much like the
scalar meson field) becomes space independent for nu-
clear matter in the mean field approximation. Therefore,
one would expect that the vector meson field for nuclear
matter contains only quanta with vanishing + momen-
tum. It thus seems paradoxical that vector mesons nev-
ertheless carry a finite fraction of the nucleus’ + momen-
tum in this limit.
In order to resolve this apparent paradox, let us anal-
yse the momentum distribution arising from the crucial
singular piece ρsingV of Eq. (4.12) more closely.
The dominant, singular part of the vector meson light-
front momentum density depends on the source
J˜VRF (
~k⊥, k
+/v+) = gV ρB
√
2
π
R3
j1(kR)
kR
(4.16)
with
k ≡
√
~k2⊥ +
k+2
v+2
. (4.17)
We define a +-momentum distribution function per nu-
cleon (A = 4π
3
R3ρB), using the x-variable of Eq. (3.16)
so that
fV (x) ≡ 3MNv
+
4πR3ρB
∫
d2k⊥ρ
sing
V (
~k⊥, k
+). (4.18)
One may simplify the integral such that
xfV (x) = R
3 6
π
g2V ρB
∫ ∞
xMNR
dy
y
1
y2 +m2VR
2
j21(y). (4.19)
A qualitative understanding may be gained by noting
that the quantity j21(y)/y peaks at y ≈ 1.6, so that the
denominator can be simplified by treating 1
y2+m2
V
R2
≈
1
m2
V
R2
and therefore
xfV (x) ≈ R
m2V
6
π
g2V ρB
∫ ∞
xMNR
dy
y
j21(y). (4.20)
The integral vanishes in the limit R → ∞ for all x 6= 0.
In particular, for xMNR ≫ 1 an upper limit may be
obtained by approximating j1(y) ≈ cos y/y ≥ 1/y. Thus
the integral is less than 1
2
( 1xMNR )
2, so that for non-zero
values of x,
xfV (x) ∼ R
(xMNR)2
, (4.21)
which vanishes as R approaches∞. If x = 0, the integral
takes on the value 1/3. Thus in the limit of infinite R
there is a sharp distinction between the results for x =
0 and for non-zero values, no matter how small. This
suggests that limR→∞ xfV (x) might be a delta function.
To proceed further we need to show that
lim
R→∞
∫ xU
0
dxxfV (x) = (
gV
mV
)2
ρB
MN
(4.22)
and
lim
R→∞
∫ xU
xL
dxxfV (x) = 0, (4.23)
for xL > 0. The above two equations would mean that
lim
R→∞
xfV (x) = (
gV
mV
)2
ρB
MN
δ(x), (4.24)
in accord with the result expected from earlier work. The
present meaning of the function δ(x) is that integrals
over x including this delta function are non-vanishing
provided the lower limit is infinitesimally close to zero.
To verify Eq.(4.22) it is simply necessary to do the in-
tegral. One interchanges the order of integration, takes
R → ∞ and uses the upper limit of the integral of
Eq.(4.20). Then the result is immediate if one uses the
integral ∫ ∞
0
j21(x)dx =
π
6
.
The verification of Eq.(4.23) also proceeds by integration
and by using Eqs. (4.20) and (4.21). Thus Eq. (4.24) is
valid and in infinite nuclear matter the quantity xfV (x)
has support only at x = 0, or k+ = 0.
The next step is to study the distribution function
fV (x) of Eq.(4.19). First, we calculate the momentum
fraction carried by the vector mesons
〈xV 〉 ≡
∫
dxxf(x)
=
1
MN
4π
3
R3ρB
∫
d3k
∣∣∣J˜RF (~k)∣∣∣2
m2V +
~k2
. (4.25)
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The integral is the same one that appears in the calcu-
lation of the vector meson contribution ot the binding
energy, showing that 〈k+〉 = v+ERF for the vector me-
son contributions. We take the limit of infinite nuclear
matter to find
〈xV 〉 R→∞−→ 1
MN
4π
3
R3ρB
∫
d3k
∣∣∣J˜RF (~k)∣∣∣2
m2V
=
g2VM
2
N
m2V
ρB
M3N
(4.26)
We follow Ref [6] and use the parameters of of Chin and
Walecka [12]
g2VM
2
N
m2V
= 195.9, ρB = .193fm
−3. (4.27)
Then 〈xV 〉 = 0.348, which agrees with the result of Ref
[6].
Numerical studies of xfV (x) of Eq. (4.19) for finite
values of R are shown in Fig. 2.
FIG. 2. The quantity xfV (x) vs. x for nuclei of radii 3,4,5,6
fm (the numbers on the curves refer to the nuclear radius ).
The results of Fig. 2 show the typical behavior of distri-
butions that approach delta functions. The approach to
the delta function limit is slow, as expected from the 1/R
behavior displayed in Eq. (4.21). Indeed, all of the re-
sults show a significant spread and the functions do have
some support for values of x such that x greater than
about 0.1. The key physics question we need to address
is whether or not the distribution is non-zero for values
of x that are too small to be observable. This does hap-
pen in the limit of infinite nuclear matter R → ∞. We
may examine this question in another way by consider-
ing how much of the total vector meson plus momentum
occurs in an observable region. We arbitrarily define the
low x (un-observable) region here as x < 0.1. The dis-
tribution functions shown here are to be convoluted with
a vector-meson quark-distribution function, which peaks
(qualitatively) at 1/2. Thus x < 0.1 corresponds to xBj
less than about 0.05. That value is small enough so that
we can say the vector mesons would be hidden by the
effects of shadowing. Even in that case we see qualita-
tively from Fig. (2) and by computation that approxi-
mately 0.05 (R=6 fm) and 0.08 (R=3 fm) of the total
nuclear plus momentum occurs in the observable region
of xBj > 0.05. Thus the mean field vector mesons could
be observable in this model. We note that the parameters
used here have been shown to give a much larger nucleon
depletion than allowed by data. Thus the current results
provide an overestimate.
V. SUMMARY
We have explicitly constructed the scalar and vector
meson states for a mean field model of large nuclei and
have obtained some rigorous results for the meson distri-
bution functions.
Direct calculation of the light-front momentum distri-
bution for scalar mesons in the mean field approximation
is localized near k+ → 0. As a result, the total momen-
tum carried by the scalar mesons in the mean field ap-
proximation is vanishingly small for nuclear matter. This
calculation thus confirms the results of Ref. [6]: even
though scalar mesons contribute to the nuclear binding
in nuclear matter, they carry only a vanishing fraction of
the momentum in the mean field calculation.
Also in accord with Ref. [6] is the present result that
vector mesons do contribute to the plus-momentum of
the nucleus in the same limit of infinite nuclear matter.
In fact, we show that the momentum fraction carried
by vector mesons in mean field approximation and in the
nuclear matter limit is given by the ratio between the the
vector meson contribution to the potential energy and the
nuclear mass. Surprisingly, this result is obtained despite
the fact that the vector meson distribution functions are
zero for non-zero xBj for infinitely large nuclei. This is
because the vector meson distribution function is sharply
peaked such that xfV (x) ∝ δ(x).
For nuclear radii R corresponding to realistic large nu-
clei, the meson distributions, while strongly peaked at
low values of x, are wide enough so that some fraction of
the mesons cold be observable. Thus the strict zeros, of
Ref. [6], are not obtained. However, the predictive power
of the momentum sum rule is still vitiated because a sig-
nificant fraction of the mesons are hidden at small values
of xBj .
APPENDIX A: DERIVATION OF THE RECOIL
LIGHT FRONT HAMILTONIAN
This Appendix is concerned with the derivation of
Eq. (3.5). This is implicit in the work of Ref. [8] and
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also in Ref. [14], but the importance of this term makes
it relevant to derive it for the current nuclear context.
Consider a situation in which a nucleus | ΨA〉 consists
of one heavy source of mass MH and light degrees of
freedom L. The light front momentum and energy eigen-
values are P±A = MAv
± with v+v− = 1
2
. It is worthwhile
to remove the large mass MH from the eigenvalue. Thus
we follow Ref. [8] and write
MA = MH + δE, (A1)
where δE is the binding energy. The light front eigen-
value equation MAv
− | ΨA〉 = P̂− | ΨA〉 then reads
MH + δE
2v+
| ΨA〉 (A2)
=
∫
d2k⊥dk
+ k
2
⊥ +M
2
H
2k+
A†(k⊥, k
+)A(k⊥, k
+) | ΨA〉
+(P̂−HL + P̂
−
LL) | ΨA〉
where A(k⊥, k
+) is the destruction operator of the heavy
source, and the light front Hamiltonian for the interaction
between the heavy and light degrees of freedom is P̂−HL
and that for the light degrees of freedom is P̂−LL. One
would like to remove the large mass MH from both sides
of the equation. This may be accomplished by making
the replacement
k+ → P+A − P̂+L =MHv+
(
1 +
δEv+ − P̂+L
MHv+
)
in Eq. (A2), where P̂+L is the second-quantized kinematic-
plus-momentum of the light degrees of freedom. Using
the above replacement, and ignoring terms of order M−1H
leads to the replacement
k2⊥ +M
2
H
k+
→ MH
v+
− δE
v+
+
P̂+L
v+2
(A3)
The next step is to remove the heavy source of momen-
tum k⊥, k
+ from | ΨA〉 by acting on it with the operator
A(k⊥, k
+). The result is that Eq. (A2) is transformed
into
2δE
v+
A(k⊥, k
+) | ΨA〉 (A4)
=
(
P̂+L
v+2
+ 2P̂−HL + 2P̂
−
LL
)
A(k⊥, k
+) | ΨA〉.
The operator
P̂+
L
2v+2
which is the contribution of the recoil
momentum of the heavy source to the light front Hamilto-
nian is the operator that we seek. Note that the quantity
in parenthesis and 2δEv+ are independent of k⊥, k
+.
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